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Abstract
There has recently been a surge of new ideas and results for 2+1 dimensional gauge theories. We consider
a recently proposed duality for 2+1 dimensional QCD, which predicts a symmetry-breaking phase. Using the F-
theorem, we find bounds on the range of parameters for which the symmetry-breaking phase (and the corresponding
duality) can occur. We find exact bounds for an SU(2) gauge theory, and approximate bounds for an SU(N) gauge
theory with N > 2.
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1 Introduction
Dualities in 2+1 dimensional theories have been gaining increasing attention recently, partially due to progress in
localization of 2+1d supersymmetric partition functions [2–10]. Specifically, the low energy phase diagrams of various
generalizations of QCD3 have recently been discussed [1, 11], leading to some non-trivial results at strong coupling.
In this paper, we study the dualities and phase diagrams discussed in [1]. In particular, we discuss the symmetry-
breaking phase conjectured to appear for strongly-coupled QCD3, where the Chern-Simons level k is small and the
theory has N f fermions such that 2k < N f < N?(N,k) for some unknown N?. The purpose of this paper will be to find
some bound on the value of N?(N,k).
A useful method to test when the symmetry-breaking phase can appear was discussed in [12]. There, the method
used the F-theorem [13–17] (see [18] for a review) in order to constrain the RG flow from QED3 to a chiral symmetry-
breaking phase. In this paper we use a similar method in order to constrain the RG flows discussed in [1].
The general idea is the following. Define the F-coefficient of a 2+1d theory as F = − ln |ZS3 |, where ZS3 is the
partition function of the theory on the 3-sphere. The F-theorem is the conjecture that this quantity is monotonically
decreasing along RG flows1 (this is the 2+1d analog of the c-theorem and the a-theorem in 1+1d and 3+1d respectively
[19–21]). The intuition usually associated with these theorems is that F (along with c,a in their corresponding dimen-
sions) measures the number of degrees of freedom in the theory, which should intuitively decrease as we decrease the
energy scale of our theory. Similar theorems exist for higher dimensions and even for non-integer dimensions [22, 23].
Now, suppose we would like to test whether some theoryA with F-coefficient FA can flow to some IR theory with
F-coefficient FIR. A simple test would be to find the F-coefficients for the two theories, and check whether they obey
the conjectured inequality FA ≥ FIR. Unfortunately, F-coefficients are not always simple to calculate. Furthermore, a
complication arises when calculating F-coefficients in gauge theories. If theory A is that of N f fermions coupled to
a gauge group (say SU(N) or U(1)), naively one would have wanted to set the F-coefficient at the UV fixed point to
be the sum of the F-coefficients of N f free fermions and of the free gauge fields. Unfortunately, the free gauge field
contribution diverges in the UV fixed point. This can be seen through an explicit calculation for U(1) gauge theories
[24], and is related to the fact that free Maxwell theory is not conformal in 2+1d. Since the F-coefficient of the UV
theory diverges, we find that we cannot use the F-theorem to constrain its RG flow.
Instead, in this paper we will be using the following trick [12]. We will take a supersymmetric (SUSY) theory and
calculate the F-coefficient at its IR fixed point. We will then show that we can flow from this fixed point to the theory
A, which proceeds to flow to our IR theory. This solves our problem, since we no longer need to calculate UV F-
coefficients for gauge theories. Additionally, since our theory is supersymmetric, we can also try to use localization in
order to calculate the F-coefficient. Using this new RG flow, the F-theorem states FSUSY ≥ FIR, and so if this inequality
is not obeyed, then we can conclude that the theory A cannot flow to the IR theory, leading to a constraint on the RG
flow. Of course, our bound will be better the ”closer” the SUSY theory is to theory A in RG space.
In our paper, the SUSY theory will be 2+1d N = 2 SU(N)k˜ with N f fundamental chiral multiplets (SQCD3), the
theory A will be SU(N)k with N f fundamental fermions (QCD3), and the IR theory will be the symmetry-breaking
phase (SB) with a non-linear sigma model (NLSM). Since the F-coefficient for the IR theory is easily calculated, the
bulk of this paper will be devoted to the calculation of the SUSY F-coefficient using localization and F-maximization
[25]. The RG flow described above is summarized in Figure 1.
Using this method, we successfully find bounds Nboundf such that N? ≤ Nboundf . For SU(2) we calculate the bounds
both numerically and using a saddle-point approximation for large N f . We find that the two methods agree almost
exactly for all values of k. Specifically, we find Nboundf = 13 for k = 0 (this result can be compared to recent results
1This definition of the F-theorem is subtle since the sphere partition function is well defined only at RG fixed points. A more precise statement
of the F-theorem is that if we can flow from CFT1 to CFT2 then their F-coefficients obey F1 ≥ F2.
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Figure 1: The RG flow we will be testing using the F-theorem. Dashed lines represent points
which are at an infinite distance in RG space (corresponding to a diverging F-coefficient), and
arrows represent RG flows. The F-theorem now states that if theory A can flow to theory B
then we must have FA ≥ FB. In particular, we must have FSQCD ≥ FIR. Thus, if for N f =Nboundf
we have FSQCD = FIR, then we must have N? ≤ Nboundf .
using lattice simulations [26], which for SU(2) with k = 0 found N? ≤ 8). For a general SU(N) gauge theory with
N > 2 we calculate approximate bounds using a saddle point approximation. Since the saddle-point approximation
agrees with the numerical results for SU(2), it is safe to assume that this approximation is very good for N > 2 as well.
Interestingly, we find that for all gauge theories SU(N) with N ≥ 2, we can never completely rule out a symmetry-
breaking window in the theory (even at very large k). This might be due to the fact that symmetry breaking can happen
even at very large k, although the more probable explanation is that the bounds obtained using this method are just not
stringent enough to exclude this window at large k.
The outline of this paper is as follows. In Section 2 we review the proposal in [1], and study the RG flow from
SQCD3 to QCD3 and then to the IR symmetry-breaking phase. We also discuss the calculation of the F-coefficients
in these theories using localization. In Section 3 we calculate a bound on N? for an SU(2) gauge theory. Finally, in
Section 4 we generalize these results for a general SU(N) gauge theory.
2 Background
2.1 Phases of QCD3
We quickly review the proposal in [1]. Consider an SU(N)k gauge theory coupled to N f fermions in the fundamental
representation in 2+1d (which we call QCD3). Here, we adopt the notation in [1] for the Chern-Simons level, resulting
in time reversal acting as k→−k in QCD3 (note that in this notation, k is half integer when N f is odd and integer
when N f is even). Throughout this paper, k will always denote the QCD3 Chern-Simons level as defined above, while
k˜ will denote the corresponding Chern-Simons level for SUSY theories.
One could ask what are the low-energy phases of this theory as a function of the fermion masses m. It turns out
that different phases appear in different regimes of the theory:
• For 2k ≥ N f , the two phases of the theory are SU(N)k±N f /2, with a single phase transition between them [2–
8, 34–70].
• For 2k < N f < N?(N,k), where the theory is strongly coupled, the following phase diagram was proposed in
3
[1]: When the fermion masses are large, the phases are still SU(N)k±N f /2. However, for small masses a new
phase appears, which is a NLSM with a Wess-Zumino term. For N > 2 its target space is U(N f )U(N f /2+k)×U(N f /2−k) ,
while for N = 2 its target space is Sp(N f )Sp(N f /2+k)×Sp(N f /2−k) . This is consistent with some conjectured dualities at
the transition points. There are two such critical points, One where the dual theory is U
(
N f
2 + k
)
−N
with N f
bosons,, and another where the dual theory is U
(
N f
2 − k
)
N
with N f bosons.
• for N f ≥ N? the exact behavior is not known, apart from the fact that at large enough N f the phases should once
again contain only Chern-Simons terms, as in the regime 2k ≥ N f [27].
Here, N? is some upper bound on the symmetry-breaking (SB) phase. This bound must exist, since in the limit
N f → ∞, the theory does not develop dynamical masses for the fermions and thus symmetry breaking cannot occur
[27]. Intuitively, one might say that for very large N f , the theory becomes weakly coupled (we will see explicitly that
this is true by calculating the dimension of the chiral multiplets and the F-coefficients for these theories for large N f ).
The purpose of this paper is to find a bound on N?. That is, we attempt to constrain the values of the parameters
N f ,N,k for which symmetry breaking can occur. In order to find this bound, we shall use the method described in
[12], where a similar bound for QED3 was calculated. Let us describe this method in the present context.
Our method will rely on the F-theorem. Consider the theory of a 2+1d N = 2 supersymmetric SU(N)k˜ gauge
theory with N f chiral multiplets (which we call SQCD3). By adding appropriate deformations, we can flow from
SQCD3 to a non-supersymmetric SU(N)k gauge theory with N f fermions (QCD3), and from there the proposed flow
in [1] is to the IR symmetry-breaking phase. We then calculate the F-coefficient of the SUSY theory FSUSY = FSQCD,
and the F-coefficient of the symmetry-breaking IR theory FIR = FSB. The F-theorem then states that the proposal is
valid only when FSQCD ≥ FIR (with FSQCD,FIR functions of N f ,N,k). Now, if we define Nboundf (N,k) as the value of N f
for which we have FSQCD = FIR, then for any N f such that N f > Nboundf , we must have FSQCD < FIR. This is in conflict
with the F-theorem, and so we conclude that we must have N? ≤ Nboundf (this is summarized in Figure 1).
This paper will focus on finding values of the bound Nboundf (N,k), that is, we find the value of N f for which
FSUSY = FIR. In order to find these values, one must compute FSUSY = FSQCD and FIR = FSB. The calculation of
the F-coefficient for the IR symmetry-breaking phase is simple, while the calculation of FSQCD will be much more
complicated. Both will be discussed in the next sections.
2.2 RG Flow
We now discuss the RG flow from SQCD3 with CS level k˜ to QCD3 with CS level k, and from there to the IR
symmetry-breaking phase. Since a time reversal transformation takes k˜→−k˜, it suffices to consider k˜ ≥ 0. We shall
further restrict ourselves to the case k˜ ≥ N, in order to avoid problems with SUSY breaking and runaways2 [28]. We
begin by writing down the content of our theory explicitly. We write down the Lagrangian for canonical R-charge
∆= 12 (this is both for simplicity and because we will show that corrections from F-maximization can be neglected in
this work). SQCD3 consists of an N = 2 vector multiplet and N f chiral multiplets, and its Lagrangian on S3 consists
2This assumption is very natural in our context, since we will find that k˜ ≥ N corresponds to the QCD CS level k obeying k ≥ 0.
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of three parts [25, 29, 30]:
LCS = k˜4pi Tr
[
εµνρ
(
Aµ∂νAρ − 2i3 AµAνAρ
)
− λ¯λ +2Dσ
]
LYM = 12g2 Tr
[
1
2
FµνFµν +DµσDµσ +(D+σ)2+ iλ¯ Dλ + iλ¯ [σ ,λ ]− 12 λ¯λ
]
LM = Dµφ †Dµφ + 34φ
†φ + iψ Dψ+F†F+φ †σ2φ + iφ †Dφ − iψ¯σψ+ iφ †λ¯ψ− iψ¯λφ
here we have suppressed the flavor and color indices, and we have set the radius of S3 to 1. In terms of SUSY
multiplets, the above consists of:
• AnN = 2 vector multiplet: a gauge field Aµ (with Fµν its field strength), a real boson σ , a Dirac fermion λ and
an auxiliary real boson D.
• N f copies of an N = 2 fundamental chiral multiplet: a complex boson φi, a Dirac Fermion ψi and an auxiliary
complex boson Fi for i= 1, ...,N f .
Let us discuss the RG flow from SQCD3 to QCD3, following [31]. We start by integrating out the auxiliary fields
F,D. Next, we add a large negative mass for the gaugino λ , and when integrating it out we obtain a shift in the
CS level3 k˜→ k˜−N. Finally, we add masses to the bosons σ ,φ such that the U(N f ) symmetry is unbroken, and
integrate them out as well. This process will result in an SU(N)k˜−N gauge theory with N f fermions. The fermions
ψi will be massive, but since the deformations we introduced respect the U(N f ) symmetry, all of the fermions ψi will
have the same mass m. The results obtained in [31] also show that by modifying the deformations we introduce, one
can change the fermion mass m in the IR at will (the results in [31] were obtained using large N calculations, but
it is safe to assume that even for finite N we can reach small enough values of the masses m so that we are in the
symmetry-breaking phase4).
To summarize, by tuning the deformations we introduce we can flow from SQCD3 to QCD3 such that the masses of
the fermions m are small enough so that we are in the symmetry-breaking phase. If we begin with some k˜ in SQCD3,
we end up with QCD with k = k˜−N. Importantly, we thus have
k˜ = k+N (1)
which relates the SUSY CS level k˜ with the non-SUSY CS level k. This equation will be very useful for us, since k˜
will appear in our localization calculations, but we will mostly be interested in the corresponding value of k.
2.3 IR F-coefficient
We calculate the F-coefficient for the symmetry-breaking phase. Start with N > 2 and assume that the symmetry
breaking described in [1] takes place. The IR is a NLSM with target space
U(N f )
U
(
Nf
2 +k
)
×U
(
Nf
2 −k
) and with a WZ term,
3The shift is by N since the gaugino is a complex fermion in the adjoint of SU(N). The sign of the shift is due to the fact that the gaugino has
negative mass. Note that the CS term in the Lagrangian gives the gaugino a negative mass when k˜ > 0. It is important here that we have k˜ ≥ N,
allowing us to integrate it out.
4In order to flow to the correct range of masses m, we must assume that there is no phase transition as a function of the boson mass ms for
ms 6= 0. This provides us with the dimensionless parameter ms/g2 which we can tune to make sure that m/g2 is small enough after integrating out
the scalars.
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and so in the deep IR the theory contains only free massless bosons5. The number of bosons is the number of broken
generators:
Nbosons = N2f −
[(
N f
2
+ k
)2
+
(
N f
2
− k
)2]
= 2
(
N2f
4
− k2
)
The F-coefficient of a 2+1d free boson was computed in [13], and the result is Fφ ≈ 0.0638 (see also Appendix A).
Thus, the F-coefficient of the IR theory is6
FN>2IR = Nbosons ·Fφ = 2
(
N2f
4
− k2
)
Fφ ≈ 0.1276
(
N2f
4
− k2
)
(2)
A similar calculation for the N = 2 case with target space
Sp(N f )
Sp
(
Nf
2 +k
)
×Sp
(
Nf
2 −k
) leads to
FN=2IR = 4
(
N2f
4
− k2
)
Fφ ≈ 0.2552
(
N2f
4
− k2
)
(3)
The next step is calculating the F-coefficient for SQCD3. To do this, we use localization.
2.4 UV F-coefficient: Localization of 2+1d SU(N) Gauge Theories
We now turn to the calculation of the F-coefficient for the SUSY theory. The F-coefficients of supersymmetric U(N)k˜
gauge theories have been calculated using localization [25, 30, 32], and they can be easily modified to describe SU(N)k˜
gauge theories. The sphere partition function for 2+1d N = 2 SUSY U(N)k˜ gauge theories with N f chiral multiplets
in the fundamental representation and N f chiral multiplets in the anti-fundamental representation was computed to be
ZS3 =
1
N!
∫ N
∏
i=1
dλie−ipi k˜λ
2
i ∏
j<k
(2sinh(pi (λ j−λk)))2
N
∏
m=1
eN f l(1−∆+iλm)
N
∏
n=1
eN f l(1−∆−iλn) (4)
where ∆ is the R-charge of the chiral multiplets. The function l(z) is given by
l(z) =−z ln(1− e2piiz)+ i
2
(
piz2+
1
pi
Li2(e2piiz)
)
− ipi
12
or, equivalently, as the solution to the equation ∂zl(z) =−pizcot(piz) with initial condition l(0) = 0 [25]. The integral
appearing in (4) is an integral over the Cartan of U(N), which can be taken to be the set of diagonal matrices of the
form diag(λ1, ...,λN).
How will the expression (4) be modified for the group SU(N)? Since the generators of SU(N) are traceless, we
must also take the Cartan to be traceless, which means that the Cartan can be taken to be the set of traceless diagonal
matrices. This can be achieved in (4) by introducing a delta function of the form δ
(
∑Ni=1λi
)
into the integral. In other
words, the partition function for an N = 2 SU(N)k˜ gauge theory is
ZS3 =
1
N!
∫ N
∏
i=1
dλie−ipi k˜λ
2
i ∏
j<k
(2sinh(pi(λ j−λk)))2
N
∏
m=1
eN f l(1−∆+iλm)
N
∏
n=1
eN f l(1−∆−iλn)δ
(
N
∑
l=1
λl
)
(5)
5This point is subtle, since the fact that the NLSM is compact can cause the F-coefficient to diverge. For example, if the target space was S1,
this would have prevented the appearance of the conformal coupling (that is proportional to φ2R, with φ the boson and R the curvature) in the IR,
causing the F-coefficient to diverge. To remedy this, we can add an irrelevant operator in the UV which flows to the conformal coupling in the IR.
Since the operator is irrelevant this will not change the RG flow, but will make the F-coefficient finite. Thus we can take the IR F-coefficient to be
the sum over F-coefficients of independent conformal bosons.
6The fact that we can use the F-coefficient of a free massless boson here is subtle, since the bosons we have here are compact.
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Here we have allowed for arbitrary R-charge ∆ for the chiral multiplets (for 3d N = 2 chiral multiplets, the absolute
value of the R-charge |r| is equal to the dimension ∆). Generically, we cannot assume that the R-charge takes the free
field value ∆ = 1/2. In particular, one has to be careful when there exists an additional abelian flavor symmetry. If
this is the case, there is no unique choice for the U(1)R symmetry that is used to couple the theory to the curvature
of S3 [18, 25]. In [25] it was proposed that the correct R-charge ∆ is the one for which the partition function |ZS3 |2
is minimized, and so to find the correct R-charge one must minimize |ZS3 | (or equivalently maximize F =− ln |ZS3 |).
This method is called F-maximization. We will perform F-maximization in our calculations, but we will see that the
corrections due to F-maximization can be neglected to the order in 1N f we will be working in when using a saddle point
approximation.
Finally, it is clear that the integral (5) is very difficult to calculate in general. For an SU(2) gauge theory we can
calculate the integral and the effects due to F-maximization numerically. However, for SU(N) with N ≥ 3 we will
instead be using a saddle-point approximation for large N f 7 (this approximation was used for a U(N) gauge theory in
[24]). A review of the general scheme to be used appears in Appendix B.1. The bounds we find with this method will
thus be approximate, and will only be valid when the resulting bound Nboundf will be large (however, we will see that
at least for the SU(2) case they agree almost perfectly with the numerical results).
3 N? For SU(2)
We start with an SU(2) gauge theory. This theory has two important simplifications compared to a general SU(N)
theory - first, the fundamental and anti-fundamental representations of SU(2) are equivalent, allowing us to set N¯ f = 0.
Second, the integral over the Cartan in the localization procedure becomes a one-dimensional integral, making it easier
to calculate.
Applying these simplifications to (4) we find that the integral we need to calculate is
Z =
1
N!
∫ N
∏
i=1
dλie−ipi k˜λ
2
i ∏
j<k
(2sinh(pi (λ j−λk)))2
N
∏
m=1
eN f l(1−∆+iλm)δ
(
N
∑
l=1
λl
)
= (6)
= 2
∫
dxe−2ipi k˜x
2
eN f (l(1−∆+ix)+l(1−∆−ix)) sinh2(2pix) (7)
We will first calculate the integral numerically to obtain exact results for Nboundf . We will then redo the calculation,
this time using a saddle point approximation for the integral, and compare the results for the two methods. We will
find that the two methods agree almost exactly.
3.1 Numerical Results
We can calculate the UV F-coefficient FSUSY exactly, by using F-maximization on the partition function (7). Having
found FUV , we compare it to FIR in order to find Nboundf . We round up the result for N
bound
f to an integer for convenience.
For small k, the results are:
k 0 1 2 3 4 5
Nboundf 13 14 15 16 17 19
For more general k, we can summarize the results in the following figure:
7Note that the integral can also be calculated using a saddle point approximation for large k˜. However, since we are interested in the regime
where N f ≥ 2k, large k˜ will also result in large N f .
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Figure 2: Numerical results for Nboundf for an SU(2) gauge theory. The symmetry breaking
phase can appear only inside the shaded area.
We have plotted the lines N f = 2k (above which the symmetry-breaking phase appears), N f = 2k+ 2 (the first
example where symmetry breaking can appear, which results in a CPN f−1 model in the IR) and N f = Nboundf (which
was calculated numerically). The shaded area in the figure is the space of parameters in which symmetry breaking can
occur. Since Nboundf is only a bound, the actual space of parameters in which symmetry breaking occurs will be some
subset of the area shown in the figure.
An interesting thing has happened. We expect that in the limit k → ∞, the symmetry-breaking phase should
disappear, since the theory is weakly coupled. That is, for large enough k, there should not be a symmetry-breaking
phase for any N f . However, the bound we have found does not force the symmetry-breaking phase to completely
disappear for large k. We have found that in the limit of large k and N f , the symmetry-breaking phase can occur only
for N f ’s that obey 2k < N f < 2k+ 6, meaning that this method fails to eliminate a symmetry-breaking window of
”size” 6.
We stress that this result does not imply that the bounds we have obtained are incorrect. This result only shows that
the bounds might not be very stringent, and can definitely be improved. In particular, the closer FSQCD is to FQCD, the
better our bound will become. Unfortunately, in flowing from SQCD to QCD we have integrated out a large amount
of fields (specifically, we have integrated out about N ·N f fields for large N f ), meaning that our FSQCD might be much
larger than FQCD. This fact may have made our bounds quite weak.
3.2 Saddle-Point Approximation for Large N f
We now attempt to obtain the same results using a saddle-point approximation to calculate the integral (7) for large
N f . To allow for k˜ to also be large, we will assume a general relation of the form k˜ = aN f +b for some constants a,b.
We will find that the results obtained using the saddle point approximation are in almost perfect agreement with the
numerical results. This will be very good news, since it will be very difficult to obtain numerical results for a general
SU(N) gauge theory. Instead, we will be using only the saddle point approximation for a general SU(N) gauge theory.
Since the results agree for N = 2, we assume that the saddle point approximation will generate a good approximation
for N > 2 as well.
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3.2.1 F-maximization
We start by calculating the correction to the dimension ∆ due to F-maximization, and then show that these corrections
can be neglected in the F-coefficient to order O(1).
Note that for infinite N f , when the theory is weakly coupled, we expect ∆ to obtain its free field value ∆ = 1/2.
Following [24, 25], we can now calculate the leading-order correction to ∆ by defining ∆ = 12 +
δ
N f
+O( 1
N2f
) and
calculating δ . Calculating the partition function and minimizing |ZS3 |, we find that the leading order correction is
given by
∆=
1
2
− 6
(16a2+pi2)N f
+O
(
1
N2f
)
(8)
where we have set k˜ = aN f +b.
One can check this result by comparing it with a similar result from [25]. There, the correction was calculated
for large k˜ to be − 3(N f−1)
8k˜2
. In order to compare the results, one can take a→ ∞, which corresponds to k˜ N f  1.
Equation (8) then becomes δ =− 3N f
8k˜2
, in agreement with the result from [25] to leading order in k˜,N f .
We now show that F-maximization gives corrections to the F-coefficient of order O(1/N f ), and so will be ignored
in the following. For ∆= 12 +
δ
N f
+O( 1
N2f
), we expand the exponent in (7) around ∆= 1/2, obtaining
eN f (l(1/2+ix)+l(1/2−ix))eδ (l
′(1/2+ix)+l′(1/2−ix))+O(1/N f )
Note that the integral we must calculate now in (7) is the integral for ∆= 1/2, i.e. without F-maximization, multiplied
by eδ (l
′(1/2+ix)+l′(1/2−ix))+O(1/N f ). We can now proceed with the saddle point approximation as done in Appendix
B.1, and find the contribution due to this additional factor when expanding around the saddle point. Noticing that the
saddle point is still at x = 0 (since the function in the exponent is symmetric in x) and using the fact that l′(1/2) = 0,
we find that its contribution will be to multiply the result by (1+O(1/N f )). In other words, we have found that
for ∆ = 12 +
δ
N f
+O( 1
N2f
), the sphere partition function is Z∆ = Z∆=1/2 · (1+O( 1N f )). We thus have F∆ = − ln |Z∆| =
F∆=1/2 +O(1/N f ), meaning that to order O(1) we can ignore the corrections due to F-maximization and just set
∆= 1/2.
3.2.2 Calculating N?
We calculate the F-coefficient (7) in the saddle point approximation for large N f . We start with small k. Since we
found that F-maximization only affects the F-coefficient to order O(1/N f ), we can neglect it and set ∆= 1/2. We can
thus use the calculation of the F-coefficient for ∆= 1/2 as given in Appendix B.2.
For small k and using equation (1), we find that we must plug in b = k+N, a = 0 into the result from Appendix
B.2, which results in
FSQCD = N f ln2+
3
2
lnN f +
1
2
ln
( pi
128
)
+O
(
1
N f
)
We can now find Nboundf by equating this result with the IR F-coefficient given in (3). We find an almost perfect
agreement with the numerical results. In fact, in the range 0 ≤ k ≤ 30, the numerical results and the approximation
disagree only twice (and in both cases the disagreement is by 1, the lowest possible value). This agreement is partly
due to the fact that N f is an integer, and so our results for Nboundf are rounded up.
We can perform a similar calculation for large k. Recall that the symmetry-breaking phase occurs only for k< N f2 ,
and so by ”large k” we mean k . N f2 . We thus use Appendix B.2 once more to calculate the F-coefficient, this time
plugging in b= N− c−1 and a= 12 . We obtain
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FSQCD = N f ln2+
3
2
lnN f +
1
2
ln
(
(4+pi2)3/2
128pi2
)
+O
(
1
N f
)
And we can find N? by comparing to the IR F-coefficient (3). In particular, we can find an analytic expression for
Nboundf for large enough N f by ignoring the lnN f and the constant terms. The result is
Nboundf = 2k+5.43+O(1/k
2)
We find here exactly the result we found in our numerical investigation - for large k and N f , we cannot exclude a
finite-sized symmetry-breaking window. We have found that in this limit, symmetry breaking can occur for 2k<N f <
2k+5.43. We note that the results here also match the numerical results almost perfectly, with some isolated cases for
which they differ by 1.
3.3 Conclusions
Our results were summarized in Figure 2. As we discussed in Section 3.1, we have obtained a strange result for large
k, where we cannot exclude a finite-sized symmetry breaking window. This result was confirmed analytically.
We can now compare our results to others found in the literature. First, we can compare our results to some
constraints on N? obtained in [1]. In particular, it was found that N? must obey N?(N,k)− 1 ≤ N?(N,k± 12 ), which
led to two interesting conclusions. The first is that the size of the symmetry-breaking window is maximized at k = 0
(which can be clearly seen in out plot). The second is that N? cannot increase or decrease too fast - the average
derivative as a function of k must be no more than two. Once again, we can see this in our result as well, with the slope
rising asymptotically to 2 as k→ ∞.
Next, we can also compare to results from lattice simulations [26]. Lattice simulations for the SU(2)0 gauge theory
provide strong evidence for Sp(N f ) symmetry breaking for N f ≤ 2, and for its absence for N f ≥ 8. We thus conclude
that N? ≤ 8 when k = 0. This should be compared to our result for k = 0, which was N? = Nboundf = 13. We find that
while our bounds are comparable to results from lattice simulations, they can definitely be improved.
Finally, we once again emphasize that the results found using the saddle point approximation were in excellent
agreement with the numerical results. We will thus focus on the saddle point approximation when we discuss a general
SU(N) gauge theory, since a numerical calculation becomes increasingly complicated when N > 2.
4 N? for General SU(N)
We now attempt to find N? for a general SU(N) gauge theory. We will not be using numerics, and instead we will only
be using a saddle point approximation. However, since we saw that this was an excellent approximation for the SU(2)
gauge theory, we expect good results for N > 2 as well.
4.1 Saddle Point Approximation
Consider the theory of SQCD3 with only fundamental matter (that is, we set N f = 0 once again). The partition function
is given by (5):
Z =
1
N!
∫ N
∏
i=1
dλie−ipi k˜λ
2
i ∏
j<k
(2sinh(pi (λ j−λk)))2
N
∏
m=1
eN f l(1−∆+iλm)δ
(
N
∑
l=1
λl
)
=
=
2
2N(N−1)
2
N!
∫ N
∏
i=1
dλie−ipi k˜λ
2
i ∏
j<k
sinh2 (pi (λ j−λk))exp
(
N f
N
∑
m=1
l(1−∆+ iλm)
)
δ
(
N
∑
l=1
λl
)
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Let us find the leading order contribution in N f , assuming again k˜ = aN f + b. Again, F-maximization will give us a
correction to ∆ of order 1N f , so that we expect ∆ =
1
2 +
δ
N f
+ ... for some constant δ . Thus a similar proof to the one
given in Section 3.2.1 for an SU(2) gauge theory will show that we can neglect the corrections due to F-maximization
here as well to order O( 1N f )
8.
We can thus set ∆= 12 , which gives
ZS3 =
2N(N−1)
N!
∫ N
∏
i=1
dλie−ipi k˜λ
2
i exp
(
N f
N
∑
m=1
l(1/2+ iλm)+O
(
1
N f
))
∏
j<k
sinh2 (pi (λ j−λk))δ
(
N
∑
l=1
λl
)(
1+O
(
1
N f
))
We now proceed similarly to Appendix B.1. The saddle point is at λ = 0+O( 1N f ), and expanding the exponent around
the saddle point we find
ZS3 =
2N(N−1)
N!
∫ N
∏
i=1
dλie−N
ln2
2 N f e
(
− pi24 −ipia
)
N f λ 2i ∏
j<k
sinh2 (pi (λ j−λk))δ
(
N
∑
l=1
λl
)(
1+O
(
1
N f
))
Redefining λi→ λi
√
N f we find
ZS3 =
2N(N−1)e−
ln2
2 NN f
N!N(N−1)/2f
∫ N
∏
i=1
dλie
(
− pi24 −ipia
)
λ 2i ∏
j<k
sinh2
(
pi
λ j−λk√
N f
)
δ
(
N
∑
l=1
λl
)(
1+O
(
1
N f
))
=
2N(N−1)e−
ln2
2 NN f
N!N(N+1)(N−1)/2f
∫ N
∏
i=1
dλie
(
− pi24 −ipia
)
λ 2i
N
∏
j<k
(pi(λ j−λk))2 δ
(
N
∑
l=1
λl
)(
1+O
(
1
N f
))
We notice that the remaining integral is independent of N f . We have thus found that at leading order in N f we have
FSQCD =− ln |ZS3 |=
NN f
2
ln2+
N2−1
2
lnN f +C+O
(
1
N f
)
(9)
Where C is a constant given by
C =− ln
[
2N(N−1)
N!
∣∣∣∣∣
∫ N
∏
i=1
dλie
(
− pi24 −ipia
)
λ 2i
N
∏
j<k
(pi(λ j−λk))2 δ
(
N
∑
l=1
λl
)∣∣∣∣∣
]
In particular we note that the expression (9) reduces to the result we obtained in previous sections when one plugs in
N = 2.
Let us discuss the form of the F-coefficient we have obtained in equation (9). Consider the first term. Since the
F-coefficient of a free N = 2 chiral multiplet is ln22 (see Appendix A), we find that this term is just the F-coefficient
of N ·N f free chiral multiplets. Indeed, we could have expected this term, since our theory has N ·N f chiral multiplets
and it becomes weakly coupled in the large N f limit. Next, we see that the second term is proportional to dimG,
where G= SU(N) is our gauge group. We thus recognize this term as the leading order contribution due to the gluons.
Indeed, note that for pure N = 2 SU(N)k gauge theory, the leading order term in the large-k expansion of the F-
coefficient is N
2−1
2 ln |k|. So we can think of this term as the result of integrating out the chiral multiplets when the
theory is weakly coupled, leading to a shift k→ k±N f /2, which for large N f would indeed result in the second term
in equation (9) up to corrections of order O(1).
We can now find Nboundf by comparing the FSQCD in (9) and FIR from (2). We proceed just as we did for the SU(2)
gauge theory in Section 3. Let us start with small k, that is, we set a = 0 and b = k+N. For N = 3,4,5 and all
0≤ k ≤ 2, the results are:
8The proof here is slightly more complicated, since the saddle point is not at λi = 0 but at λi =O
(
1
N f
)
. However, an argument that is similar to
the proof in Section 3.2.1 shows that expanding around λi = 0 instead of the real saddle point will still give corrections to the F-coefficient of order
O
(
1
N f
)
.
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N 3 4 5 6
Nboundf 44 60 76 93
Next, we consider k . N f2 , that is, we set a = 1/2. We can obtain analytic results by ignoring the lnN f and the
constant terms in FSQCD. We find that for large k,N f we have
Nboundf = 2k+5.432N+O(1/k
2)
Once again, we find that our method fails to make the symmetry-breaking window completely disappear for large k.
Instead, the symmetry-breaking window goes to some finite size as k→∞ (Note that the size of the window not agree
with the N = 2 result when plugging in N = 2. This results from the fact that the IR theory is different in N = 2).
4.2 Conclusions
We can conclude this section with the following figure:
Figure 3: General form of the results for Nboundf for a general SU(N) gauge theory. The
symmetry breaking phase can appear only inside the shaded area.
The purpose of the figure is to convey the general idea of the results, and it does not reflect any numerical calcula-
tions. The results are due to a saddle point approximation, but since the corresponding approximation for SU(2) led
to excellent results, we expect the approximation here to be good as well.
The figure has three parts. The shaded area on the left corresponds to the results for k N f , the shaded area on
the right corresponds to large N f and k .
N f
2 , and the unshaded area for intermediate k corresponds to k’s for which
neither approximation is useful.
The results here are similar to those discussed in Section 3.3 for an SU(2) gauge theory. In particular, we once
again find that we cannot exclude a finite-sized symmetry-breaking window of size 5.43N when k→ ∞. As discussed
in Section 3.3, we expect the size of the window to approach zero for large k, and the fact that it has finite size might
be a result of the large amount of fields we must integrate out in flowing from SQCD3 to QCD3. The results obtained
here agree with this argument, since for large N f we must integrate out about N ·N f fields in flowing from SQCD3 to
QCD3, and so we expect the bound to be weaker as N increases. We also once again find an agreement with the fact
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that the size of the symmetry breaking window must be maximized at k = 0, and that the slope of N∗(k) must be at
most 2 (as discussed in Section 3.3).
5 Summary and Discussion
In this paper we used the method described in [12] in order to bound the possible parameter space in which the
symmetry-breaking phase conjectured in [1] can occur. In particular, assuming that symmetry breaking can occur for
2k<N f <N?, we find a bound Nboundf such that N? ≤Nboundf . For an SU(2) gauge theory, we find exact bounds Nboundf ,
while for a general SU(N) gauge theory the bounds obtained here are only approximate, usually given in an expansion
in 1N f to order O(1). However, since the parameter N f is discrete, these bounds can be considered precise for large
enough N f (i.e. when the corrections to Nboundf are small enough). We also found that our results are comparable to
lattice simulations results for the case SU(2)0.
We find that we cannot exclude a symmetry-breaking window for any k, and so our results support the proposal
in [1]. The fact that we cannot exclude the symmetry-breaking phase even at large k is interesting, and there are two
possible explanations for this fact. The more plausible explanation is that the window does indeed vanish for large
enough k, but our bound is not stringent enough to see this. Another explanation is that the symmetry-breaking phase
persists to very large k, which would be a very surprising result, since at large k the theory is weakly coupled. One way
to find which of the two solutions is correct is to use a different RG flow. Indeed, we saw that starting with SQCD3,
one has to integrate out at least N ·N f fields in order to flow to QCD3. Since we worked in large N f , we thus expect
the difference between FSQCD and FQCD to be quite large, leading to the resulting bound being weak. If one starts with
a different theory whose F-coefficient is closer to FQCD, the resulting bound should be more stringent.
We conclude by noting that the recent developments in 2+1d QFTs are likely to result in proposals for more
dualities. Many dualities cannot be rigorously proven, and instead rely on various consistency checks, like the one
described above. Unfortunately, while the bounds obtained above are rigorous, they are not ideal. A method with
a ”shorter” RG flow should lead to much better bounds in the theory discussed above, and also to better bounds in
other examples. Hopefully this method will find many more uses in the future in which more stringent bounds will be
obtained.
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Appendix A Some F-Coefficients
This appendix is a collection of F-coefficients used in the paper.
A.1 Free Matter Fields
The F-coefficient of an N = 2 free chiral multiplet is
F =
1
2
ln2
The F-coefficients of a free boson and a free Dirac fermion are (see [13]):
F(d=3)φ =
1
24
(
2ln2− 3ζ (3)
pi2
)
≈ 0.0638
F(d=3)ψ =
1
23
(
2ln2+
3ζ (3)
pi2
)
≈ 0.22
Note how (as expected) the F-coefficient of a single N = 2 chiral multiplet is the same as 2F(d=3)φ +F(d=3)ψ .
A.2 Gauge theories
The F-coefficient of U(1)k is
F =
1
2
lnk
The F-coefficient of pure N = 2 SU(2)k˜ is
F =− log
(√
2
k˜
∣∣∣∣sin(pik˜
)∣∣∣∣
)
This can be proven by explicitly calculating the integral (7). Note that when k˜ is large enough9, one can integrate
out the adjoint fermion in the N = 2 vector multiplet (since it has a mass proportional to k˜) and obtain non-SUSY
SU(2)k˜−2, and so the results for the two theories should agree. Indeed, one can check that the results agree for all
k˜ ≥ 2 by comparing to [33].
Appendix B Saddle Point Approximation
B.1 General Idea
Assume we have some integral of the form
I(k,N f ) = 2
∫
dxe2ipiKx
2
eN fG(x) f (x)
where G is some function and K = aN f +b. We can thus write
I(k,N f ) = 2
∫
dxeN f g(x)e2ipibx
2
f (x)
9Specifically, we need k˜ ≥ N, so that we are not in the SUSY breaking phase.
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where g(x) = 2ipiax2 +G(x). We can now perform a saddle point approximation when N f is large. Define y =√
N f (x− x0), where x0 maximizes g(x). Taking N f to be large, we can write
eN f g(x) = eN f g(x0)ey
2g′′(x0)/2
(
1+
y3g′′′(x0)
6
√
N f
+
3y4g′′′′(x0)+ y6(g′′′(x0))2
72N f
+ ...
)
In this paper, we will almost always have x0 = 010. We thus plug in x0 = 0 and obtain
I(k,N f ) =
2eN f g(0)√
N f
∫
dyey
2g′′(0)/2
(
1+
y3g′′′(0)
6
√
N f
+
3y4g′′′′(0)+ y6(g′′′(0))2
72N f
+ ...
)
e
2ipib y
2
Nf f
(
y√
N f
)
Which allows an expansion in N f :
I(k,N f )=
2eN f g(0)√
N f
∫
dyey
2g′′(0)/2
(
1+
y3g′′′(0)
6
√
N f
+
3y4g′′′′(0)+ y6(g′′′(0))2
72N f
+ ...
)(
1+2ipib
y2
N f
+ ...
)(
f (0)+ f ′(0)
y√
N f
+ ...
)
Collecting powers of N f will then give the desired result for I(k,N f ) as an expansion in N f .
B.2 SU(2) F-coefficients Without F-maximization Using the Saddle-Point Approximation
The integral we have to calculate is equation (7), with ∆= 12 :
ZS3(k,N f ) = 2
∫
dxe−2ipiKx
2
eN f (l(1/2+ix)+l(1/2−ix)) sinh2(2pix)
From which we can obtain the F-coefficient by calculating
F =− ln |ZS3 |
which we can expand in powers of 1N f .
Using the fact that el(1/2+ix)+l(1/2−ix) = 12cosh(piλ ) [30], we can simplify the integral and write it as
Z(k,N f ) =
1
2N f−1
∫
dye−2ipiKx
2 sinh2(2pix)
coshN f (pix)
Performing the saddle point approximation as explained in Appendix B.1, we obtain
Z = 21−N f
∫
dx
(
4pi2y2e
1
2 (−pi2−4ipia)y2
(
1
N f
)3/2
+O
(
1
N f
)5/2)
and so
F = N f ln2+
3
2
lnN f +
1
2
ln
(
(16a2+pi2)3/2
128pi2
)
+O
(
1
N f
)
The first two terms in this expression can be understood intuitively, and will be explained in a more general context in
Section 4. This result can also be compared with the result for the U(N) case in [24]. Under the correct replacements
which make it compatible with an SU(N) gauge theory, the two results agree.
10In parts of the paper, we will have x0 = O(1/N f ). When this occurs, we explain why this correction can be ignored to the order in N f we will
be working in, and so the above will still be valid.
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